In this short note we begin the analysis of deformed integrable Chern-Simons theories. We construct the two loop dilatation operator for the scalar sector of the ABJM theory with k 1 = −k 2 and we compute the anomalous dimension of some operators.
Introduction
In the context of the AdS 5 /CF T 4 correspondence a very interesting development was the understanding of the existence of an integrable structure at the both sides of the correspondence [1, 2] . In the N = 4 SU(N) field theory the one loop dilatation operator in the scalar sector was identified with the Hamiltonian of an integrable spin chain [1] . Many and very interesting developments followed, see for example [3] - [18] . In this note we will be mainly interested in studying the integrability properties of the field theories with less supersymmetry. In four dimensions to remain in the perturbative regime, which allows a field theory computation, one is forced to take orbifold or marginal deformations of the original N = 4 theory [19] - [22] .
Recently we gained a better understanding of the AdS 4 /CF T 3 correspondence [23] - [46] . Indeed, it turns out that the three dimensional conformal field theories are Chern-Simons theories with matter. In particular, the authors of [32] proposed a field theory dual to the C 4 /Z k singularities, the so called ABJM theory. This is an N = 6 Chern-Simons matter theory with gauge group U(N)×U(N) and two Chern-Simons levels satisfying the constraint k 1 +k 2 = 0. This theory appears to be integrable at least at the leading order in perturbation theory. Namely, the two loop dilatation operator can be identified with the Hamiltonian of an integrable spin chain [47] . Many nice developments followed also in this context, see for example [48] - [59] .
In particular we are interested to understand if integrability is present in the less supersymmetric theories. One could think that the possible generalizations of the basic example in three dimensions, the ABJM theory, are very similar to the related generalizations of the N = 4 four dimensional case but they are slightly different.
To compute the field theory dilatation operator, it is important that the theory has a weak coupling limit in which the elementary fields have canonical scaling dimensions. In four dimensions this is possible if the superpotential is a cubic function of the chiral superfields, while in three dimensions it is possible if the superpotential is a quartic function. This simple observation points out that in three dimensions there could be more theories which can be analyzed perturbatively than in four dimensions. Indeed, it turns out that in three dimensions also the non-orbifold theories can have a perturbative limit [28, 38, 46] .
The second observation is due to the presence of Chern-Simons levels that do not exist in the four dimensional case. There are Chern-Simons levels k i associated to every gauge group. They are integer numbers and we can vary their values without spoiling the superconformal symmetry. It turns out that, for a class of N = 2 Chern-Simons matter theories, if k i = 0 the field theory moduli space has a four complex dimensional branch that is a Calabi-Yau cone and can be understood as the space transverse to the M2 brane [43, 44] . If instead k i = 0 the four dimensional branch typically disappears and this effect can be interpreted as turning on a Roman's mass F 0 in the type IIA limit [38, 60] . Let us suppose that a theory has an integrable structure for some specific relations among the k i such that they satisfy k i = 0. It easy to see that there exist two possible interesting deformations of this integrable point. We can move in the space of possible integer values of the k i in such a way that we preserve the constraint or in a way in which we break the constraint. It is important to underline that these kind of deformations do not exist in four dimensions and offer a new laboratory for studying integrability in the weak coupling regime.
In this paper we start the analysis of these deformed theories. We take as basic example the ABJM theory and deform it in such a way that k 1 + k 2 = 0. We plan to return to the other type of deformation in the near future. To be sure to remain in the perturbative regime it is important to deform the theory in such a way that it preserves at least N = 3 supersymmetry in three dimensions. Indeed, for N > 2 the Chern-Simons matter field theories are completely specified by the gauge group, the matter content, and the ChernSimons levels, and they have a weak coupling limit for large values of k i . These theories have a quartic superpotential and could be dual to the non-orbifold M theory backgrounds.
The organization of the paper is as follows. In Section 2 we introduce our main example. In Section 3 we rewrite the theory in the explicit invariant form under the global symmetries. In Section 4 we compute the two loop mixing operator for the scalar sector of the theory. In Section 5 we compute the anomalous dimension of some operators. We observe that the degeneracy which due to integrability is present in the ABJM theory is lifted in the generic k 1 = −k 2 case. We finish with some conclusions and the appendix collects some useful formulae which we used in the main text.
The deformed ABJM
We are interested in studying the Chern-Simons theories described by the following action
where
It is a three dimensional Chern-Simons theory with matter. The gauge group is U(N) 1 × U(N) 2 and the N = 2 bifundamental chiral superfields Z i and W j transform in the fundamental of the first factor of the gauge group and antifundamental of the second one and vice versa for Z † i and W †j (see figure 1 ). k 1 , k 2 are integer numbers which we call from now on Chern-Simons levels. The three dimensional theory represented by the Lagrangian (2.1) is N = 3 superconformal. It admits a perturbative limit for the large values of the k i . The Lagrangian has SU(2) R × SU(2) global symmetry, where the first factor is the R symmetry associated to the N = 3 superconformal symmetry, while the second SU(2) is a global symmetry under which Z i and W j transform in the fundamental representation. In the particular case k 1 = −k 2 the supersymmetry of the Lagrangian is enhanced to N = 6 and the global symmetry group to SU(4) R . In this case the lower bosonic components 3 of the chiral superfields can be organized in the fundamental representation 4:
The first check for the presence of integrability in the ABJM comes from the computation of the two loop mixing matrix of anomalous dimensions for the scalar sector. Due to integrability the mixing matrix of anomalous dimensions is identical to an integrable Hamiltonian of the SU(4) spin chain with the sites transforming under 4 and4 [47] . A natural question is if the generic theory in eq. (2.1) is still integrable. In the case k 1 = −k 2 the supersymmetry and the global symmetries are reduced, and the theory is supposed to be dual to some flux background. The four dimensional Calabi-Yau branch in the field theory moduli space disappears and the theory is proposed to be dual to a type IIA background with the Romans mass F 0 turned on: k 1 + k 2 = F 0 [38] . It is important to stress that this kind of deformation is not an orbifold deformation and this is a peculiarity of the Chern-Simons theories.
In this paper we would like to do the first step towards understanding the question concerning integrability for this theory. We compute the dilatation operator in the scalar sector at the leading order which we use then to find anomalous dimensions of some operators. To make the computation more transparent we rewrite the eq. (2.1) in such a way that the SU(2) R × SU(2) symmetry becomes apparent. We group the scalar fields into the tensors O a i and O †i a , where the indices from the beginning of the alphabet correspond to the SU(2) R and from the middle to the SU(2) symmetry group
The class of the gauge invariant operators we are interested in has the form
where χ is some tensor of SU(2) R × SU(2). These operators need to be renormalized
where M and N label all the possible operators, Λ is an UV cutoff, and Z subtracts all the UV divergences from the operator correlator functions. The object we are interested in is the matrix of anomalous dimensions Γ. It is defined as
The eigenstates of Γ are conformal operators and the eigenvalues are the corresponding anomalous dimensions.
It is convenient to represent the operators (2.3) as states in a quantum spin chain with 2L sites. Every site transforms in (2, 2) representation of SU(2) R × SU (2) . The spin chain is alternating between the O † and O. In this language the mixing matrix (2.5) can be regarded as the Hamiltonian acting on the Hilbert space (
In this section we would like to write the action (2.1) in terms of component fields and in particular we would like to have an explicit expression for the potential in terms of SU(2) R × SU(2) invariant objects. We start by integrating out all the auxiliary fields. In particular the spinorial fields χ (l) and the bosonic fields σ (l) , D (l) are all auxiliary fields and can be eliminated using the equations of motion. From the chiral super fields Z I , W j we get the complex scalars Z i , W j and the Dirac spinors ζ i , ω j . The potential V can be divided into a part V bos containing only bosonic operators and a part V f erm containing bosonic and fermionic operators. Let consider first the bosonic part.
The bosonic potential
The bosonic potential V bos gets contributions from the superpotential and from the Chern-
where W is the superpotential given in eq. (2.1). The Chern-Simons part is
If we write a general ansatz by use of operators in eq. (2.2) there exist 18 structures compatible with the symmetries and the canonical dimension of the bosonic fields 4 .
where a n are 18 arbitrary real parameters, which we need to fix by use of the explicit expressions for the bosonic potential in components V bos an = V bos . If we apply †-operation on the ansatz (3.4) we find that the first 16 terms are mapped into themselves, while the last two are mapped into each other. It means that the reality of the potential forces a 18 = a 17 . On top of that it appears that some of the 18 structures are linear dependent. If we call O n the operators corresponding to the coefficients a n . We can find the seven linear relations
In particular, if we try to solve the equation V bos an = V bos as a function of the a n we find a family of solutions parameterized by seven parameters a n due to the relations (3.5). To find the coefficients for the potential we need first to reduce the ansatz by use of (3.5) to 11 linearly independent structures and then solve V bos an = V bos for the coefficients. This way to proceed means that there are no unique form of the potential if we use the notion of the SU(2) R × SU(2)-fields. The concrete form of the mixing operator descends from the choice of these 11 structures but the eigenvalues of the mixing operator are independent of this choice. See additional comments in Appendix C. We found a choice of a n where 11 of the 18 coefficients are zero. The remaining non-zero coefficients are
In the following we will use these coefficients. The bosonic potential written in the explicit SU(2) R × SU(2) invariant form is
With this choice of the coefficients the ABJM limit is apparent. Namely for k 1 + k 2 = 0 the last two terms drop out and we obtain the ABJM potential written in SU(2) R × SU(2) invariant way. Indeed in this limit the R-symmetry and flavor indices of the O fields do not mix anymore due to the R symmetry enhancement to SU(4) . The remaining coefficients are exactly the ones in [32] 
The fermionic potential
Le us now proceed with the fermionic potential V f erm . Our final goal is to compute the two loops mixing matrix in the planar limit. Part of the contribution to the renormalization of the scalar operators O in eq. (2.3) comes from fermions running in the loops. This interaction is due to the fermionic potential. The fermionic potential is a quartic function in the fields, each term contains two bosons and two fermions. The contributions are of two types, the first one V f erm f f bb contains terms consisting of two fermions followed by two bosons, the second one V f erm bf bf has the coupling fermions-boson-fermion-boson. It is easy to see that the terms of the second type do not contribute to the mixing matrix at the planar level for the scalar operators. That's why it is enough to consider only the terms of the first type.
The fermionic potential has two contributions, one is coming from the superpotential V f erm W and the other one coming from the Chern-Simons interactions V f erm CS . After integrating out the auxiliary fields we get
The ellipsis corresponds to couplings in V f erm bf bf which are not relevant for our computation. We would like to rewrite the fermionic potential in the SU(2) R ×SU(2) invariant way. In the ABJM case the superpartners of the scalar field transform in the conjugated representation of the one of the scalars. This is the manifestations of the fact that the SU(4) corresponds to the R-symmetry group of the fields. It means that in the case of the fermionic objects transforming under SU(2) R × SU(2) the R-symmetry index should transform in the conjugated representation of the scalar superpartner. However, since we expect that the scalars and spinors belong to the same flavor multiplet they should transform under the same representation of the SU(2) flavor symmetry group. This suggests the following ansatz
The index i, j transform under SU(2) flavor symmetry and the written out indices 1, 2 under the SU(2) R -symmetry. The SU(2) R × SU(2) invariant ansatz is then
CS gives the solution
And the SU(2) R × SU(2) invariant fermionic potential is:
The fermionic potential reduces to the ABJM one in the limit k 1 + k 2 = 0. Namely, by use of the relation δ
†A where A is an SU(4) index. The last two terms in each line are combined into the terms which mix the SU(4) flavor and the first terms in each line give then flavor non-mixing contributions.
The mixing operator
Right now we have all the tools to compute the dilatation operator Γ. The contributions to the dilatation operator come from the logarithmic divergences (ln Λ) of the renormalization function Z(Λ). The lowest contributions come at two loops and the non vanishing logarithmic divergences come from the graphs in figure 2. The renormalization of the composite operators We can analyze them separately. Before doing it let us fix some notation. We are going to compute the Hamiltonian of an SU(2) R × SU(2) spin chain in representation (2, 2), with alternating sites corresponding to the fields O, O † in the operators O. At every site of the spin chain we have two indices of SU(2) and the final Hamiltonian can be nicely expressed in terms of two basic operators acting on the group indices: the trace operator K : V ⊗V → V ⊗V or K :V ⊗V →V ⊗V ; and the permutation operator P : V ⊗V → V ⊗V or P :V ⊗V →V ⊗V . We can distinguish between the operators acting on the R indices (K, P ) and the operators acting on the flavor indices (K,P ):
The trace operator K acts on the nearest neighbor sites, while the permutation operator P acts on next to nearest neighbor sites. The 't Hooft couplings λ i = N/k i are our perturbative expansion parameters. The final expression for the mixing operator Γ is a polynomial in K and P with coefficients that are functions of λ 1 , λ 2 .
Six-vertex two-loop diagram
In this subsection we give the part of the Hamiltonian which comes from the diagram with only scalar fields in the loops. The graph (a) in figure 2 gets the contribution from the various monomials in the sextic bosonic potential (3.7). The computation is done in two steps. Firstly, one computes the logarithmic divergent part, and then carefully computes the SU(2) R ×SU(2) combinatoric structure. To write down the final result in a most transparent way we distinguish between trace operatorsK l,l+1 and K l,l+1 . The first one acts as usual on the sitesV ⊗ V and gives zero on V ⊗V , while the second one acts as usual on V ⊗V and gives zero onV ⊗ V . The part of the mixing operator coming from this graph is
+P l,l+2 K l,l+1Pl,l+2Kl,l+1 + P l,l+2Kl,l+1Pl,l+2Kl,l+1
Fermionic contribution
The fermionic potential (3.12) gives two types of contributions to the graph (b) in figure  2 : a contribution proportional to the identity in the SU(2) R × SU(2) indices, namely a vacuum energy contribution coming from the first two monomials in the two lines of (3.12) and an interacting contribution containing the K,K trace operators. The constant part of the full mixing matrix gets contribution also from other graphs than the ones in figure 2 , for example, from the renormalization to the propagator < O † O >. We are not going to compute these diagrams. Later, we fix this constant part using supersymmetry. For this reason we concentrate here only on the contributions coming from the last two monomials in each lines in (3.12). After computing the logarithmic divergent part of the graph (b) in figure 2 and computing the combinatorial SU(2) R ×SU(2) structure, we obtain the fermionic contribution to the mixing operator 
The gauge bosons contribution
The last contribution to the mixing operator comes from the graph (c) in figure 2 . The gauge bosons do not carry SU(2) R × SU(2) indices and we just need to compute the two loop diagram with the correct coupling constants coming from the scalar-gauge interactions in the Lagrangian. The final result is
Two-loop dilatation operator
The complete two loop mixing operator is obtained summing up Γ bos , Γ ferm and Γ gauge . Before writing down the final expression we need to fix the constant contribution. Supersymmetry implies that the anomalous dimension of the symmetric traceless operators is equal to zero. This fact fixes the constant contribution. The complete 5 Hamiltonian can be written as
The last two lines are the only contributions to the mixing operator in the ABJM case. Indeed in the limit k 1 + k 2 = 0 the Hamiltonian reduces to
that is exactly the mixing operator in [47] written in SU(2) R × SU(2) invariant form, where we didn't distinguish between K, P andK,P . It is nice to observe that one can define a parity operator P acting on the spin chain. Its action reverses the orientation of the chain from clockwise to anticlockwise or vice versa. In particular it acts on the operators as
The parity operation 6 on the Hamiltonian (4.4) exchanges λ 1 and λ 2 . The parity transformed 5 We would like to stress here that since there are relations between the trace and permutation operators acting on two-dimensional indices the above form of the Hamiltonian is not unique. The action of the Hamiltonian is of course independent of the concrete representation in terms of Ks and P s. 6 If we act with the parity operator on the Hamiltonian the transformed one should act on the parity transformed states as the original Hamiltonian on the non transformed states. The new vertices of a such transformed Hamiltonian are obtained from the full potential by acting on all the terms with the parity operator. This corresponds exactly to the exchange of λ 1 and λ 2 in eq. (4.4) or alternatively to the exchange of K,K andK,K.
Hamiltonian is
+P l,l+2 K l,l+1Pl,l+2Kl,l+1 + P l,l+2Kl,l+1Pl,l+2Kl,l+1 .
(4.6)
For λ 1 = ±λ 2 the parity symmetry of the Hamiltonian is broken by the terms in the first and second line. The only values of λ 1 and λ 2 which correspond to the parity invariant Hamiltonian are λ 1 = ±λ 2 .
Length four operators
A typical sign of integrability of a system is the presence of different operators with the same anomalous dimensions. [7, 37] In the ABJM case this happens for example for operators of length four [47] . In that case the system is an SU(4) spin chain alternating between fundamental 4 representation and antifundamental4 representation. The 4 is associated with the vector:
and the length four operators are Tr
. If we decompose these operators in representations of SU(4) we find that they contain two singlets 1, two adjoints 15, one 20 and one 84 representations. It happens that the two adjoint operators have the same anomalous dimension 6λ
2 . The natural question is, what happens to these operators in the case in which k 1 = −k 2 ? Are they still degenerate? To answer these questions we consider the following operators
They decompose in representation of SU(2) R × SU(2). In particular the 15 of SU(4) decomposes under SU(2) R × SU(2) as
For this reason in this section we will be interested to apply the Hamiltonian (4.4) to operators in (5.1) in representations (3, 1), (1, 3) and (3, 3) . Operators with the same quantum numbers typically mix among each other under renormalization. We need to consider all the operators of the same length that transform in the same representation. The operators in the representation (3, 1) and (1, 3) come only from the decomposition of the 15 of SU(4), but there exist other three operators in the (3, 3) representation coming respectively: one from the 20 and two from the 84. As result we have two operators in the (3, 1), two in the (1, 3), and five in the (3, 3) . In the following subsections we are going to analyze separately their anomalous dimensions and to check if the degeneracy which is present in the integrable ABJM case is still there or is lifted.
Operators in (3,1)
Let us start with the operators in representation (3, 1) . From the decomposition in the list (D.2) in the Appendix we know that there are six structures transforming in the representation (3,1), four come from 15 and two from 45 and 45 of SU(4). Only the structures descending from the 15 of SU(4) can form operators invariant under trace. Indeed cyclicity relates four states and we get just two operators:
The first label enumerates the operators and the second one gives the corresponding SU (4) multiplet.
Applying the mixing operator we obtain
The application of the mixing operator on the states Tr |1 − 15 (3, 1) and Tr |2 − 15 (3, 1) produces structures which we cannot immediately match with the basis states. This comes from the fact that there are more structures than the linearly independent ones. There are 6 ways to organize the R-symmetry indices in such a way that they transform in representation 3 of SU(2) R and two ways to organize the flavor indices that transform in 1 of SU (2) . Using the relations from Appendix B these 12 structures can be related to the 6 basis structures which come from the decomposition of 15 , 45 and 45 of SU(4). The eigenvalues are
For physical real values of λ 1 , λ 2 the eigenvalues are degenerate only for λ 1 = −λ 2 = λ. In this case our result reduces to the ABJM one [47] and the two operators in (5.2) have the same anomalous dimension, 6λ 2 . In all the other cases the degeneracy is lifted.
Operators in (1,3)
The operators in representation (1, 3) , similarly to the previous case, appear also in the decomposition of the 15 of SU (4). As in the (3, 1), we get only two operators
Again using the relations from the Appendix B we obtain Tr |1 − 15 (1,3) .
(5.5)
The eigenvalues are:
As in the previous case the mixing and the anomalous dimensions reduce to the ABJM ones [47] in the limit λ 1 = −λ 2 , otherwise the degeneracy is lifted.
Operators in (3,3)
The (3, 3) case is a bit more involved. As we can see in the list (D.2) there are nine structures transforming in (3, 3) which come from the decomposition of the length four structures of SU(4). Two of them coming from 45 and 45, due to the antisymmetrization, do not correspond to any operators. From the remaining seven structures the four coming from 15 of SU(4) correspond to two trace invariant operators. Altogether we have the following basis for the operators in (3, 3).
The first number enumerates the operators and the second one gives the representation of SU(4) to which it corresponds. The states Tr |1−15 (3, 3) and Tr |2−15 (3, 3) in the definition of the last three operators come from the decomposition of the traces of the SU(4) operators, 20 and 84.
To obtain the mixing matrix of anomalous dimensions we apply the Hamiltonian (4.4) to the above basis states. In general the result will contain structures which do not match with the five basis operators in the list(5.7). We used the relations listed in Appendix A. The mixing matrix is
In the ABJM-limit, λ 1 = −λ 2 = λ, the eigenstates and their corresponding eigenvalues are [47] Tr |1 − 15 (3, 3) :
Tr |2 − 15 (3, 3) :
Tr |3 − 20 (3, 3) :
There are other particular values of λ 1 , λ 2 . For λ 1 = λ 2 the theory is still parity invariant, but we don't find any degeneracy pairs among the eigenstates which would map one into each other under the parity transformation. For the values of λ 1 , λ 2 outside the regime λ 1 = −λ 2 we can find degeneracy among the eigenvalues of the mixing matrix, but since the theory is not parity invariant the operators with the same anomalous dimensions do not form parity pairs. These results suggest that the ABJM integrability is broken for generic values of λ 1 and λ 2 .
Integrability and degeneracy
Let us try to get some conclusions related to the integrability of the system. As we claimed at the beginning of this section a generic feature of integrability is the presence of degeneracy pairs [7, 37] . Namely, the existence of couples of operators which have the same anomalous dimension and which are mapped one into each other by the parity operator P. In the ABJM spin chain the first example of degeneracy pairs is in the set of length four operators: they are the operators in the adjoint representation of SU (4) . In this section we checked that all the SU(2) R × SU(2) operators which are contained in the decomposition of the ABJM degeneracy pairs are no longer degeneracy pairs for generic k 1 , k 2 . This fact could be interpreted as a weak evidence of the absence of integrability of the system for k 1 = −k 2 . Let us explain why this is just a weak evidence. First of all the parity symmetry is broken by the Hamiltonian (4.4) for generic values of k 1 , k 2 . A nice observation is that parity is restored for k 1 = ±k 2 . One of these two points is the ABJM limit where degeneracy pairs appear and the system is integrable. The other point is still parity invariant but there is no degeneracy in the anomalous dimensions. Even this observation is not conclusive: the original eigenvectors of the ABJM mixing matrix are no longer eigenvectors of the new Hamiltonian. The new eigenvectors do not form pairs under parity, they are actually parity eigenvectors and we cannot claim that integrability is broken because they do not have the same anomalous dimension. To say something stronger about the integrability of the theory one should compute for example the mixing of longer operators, or directly compute the integrable Hamiltonian associated to the SU(2) R × SU(2) spin chain, but also in this case the claim could be not definitive.
Even with all these subtleties in mind we would like to take the lifting of the degeneracy, which is present in the ABJM limit, as a hint against the integrability of the system. Of course, a more rigorous analysis is required.
Conclusions
In this note we started the analysis of the deformed integrable Chern-Simons theories. As a first example we considered the ABJM theory with arbitrary Chern-Simons levels k 1 , k 2 . We constructed the complete two loop mixing operator for the bosonic scalar sector of the theory and we computed the anomalous dimension for some length four operators. We observed that the degeneracy of anomalous dimensions which is present in the integrable limit (the ABJM theory) disappears for generic k 1 and k 2 . We interpreted this fact as a weak evidence of the absence of integrability for these theories, namely, when k 1 + k 2 = 0 the ABJM integrability seems to be destroyed. A possible future direction could be to start a deeper investigation of the integrability of these theories, in field theory and maybe in the IIA string dual, to support or contradict our conclusions.
Another nice application of the ideas presented in this note could be a more general analysis of the integrability of Chern-Simons quiver gauge theories. For example it would be nice to see what happens to the integrable properties of Chern-Simons theories that come by orbifolding ABJM, once we allow non orbifold values for the various k i . We hope to come back to this problem in the near future.
We hope to have convinced the reader that three dimensional Chern-Simons theories are a nice laboratory to study integrability, and in a sense, due to the quartic interactions and the presence of Chern-Simons levels, they allow a perturbative weak coupling analysis of more general deformations than the four dimensional examples.
Appendices
A Relations among the operator structures of (3,3)
If we hold one type of the coefficients fixed we can can write down six structures corresponding to representation 3 of the other type of coefficients.
From the group theory computation we know that there should be only three independent structures transforming in the representation 3.
If we consider the following relations
we can find the following set of the relations among the six structures listed in (A.1)
Let us write down the structures coming from 15, 20 and 84 of the SU(4) operators.
The first number is just an enumerating label, the second one gives the multiplet of SU (4) to which it corresponds. In the case of the last three operators we let the redundant antisymmetrizing brackets to make it more transparent. The flavor and R-symmetry indices can be labeled by use of the structures in representation 3. Let us adapt the following notation:
where the first |1 3 means that the R-symmetry indices correspond to the first structure in representation 3 of the list (A.1) and the second |1 3 to the first structure of the corresponding list for the flavor indices.
We see that it is possible to write down 36 different structures, there are six different ways to put R-symmetry indices and 6 ways for the flavor indices. Since there are only three independent structures for one type of indices there are only 9 linear independent structures if we consider both types of the indices at the same time. In (A.7) we wrote down only 7 linear independent structures, 2 remaining ones correspond to 45 and 45 of SU(4) and don't correspond to any trace operators, that's why we are not considering them.
In general if we act with the Hamiltonian on these structures we will have structures which not immediately match with the structures in (A.7). Let us go give here the list of the relations which we used to obtain the mixing matrix in the main text.
We can immediately find the relations
where we used
Other relations which we used are We can write down the singlet structures for the SU(2) indices of the length four structures in two ways and the decomposition of 2 ⊗ 2 ⊗ 2 ⊗ 2 tells us that there only two singlets. It means that there are no linear relation among the singlet structures and we can consider them as the basis structures. The singlets are
Since there are 6 different ways to put the indices corresponding to the representation 3, there are 12 structures which correspond to the structures of the type (3, 1) and 12 for (1, 3). Since the relations for (3, 1) or (1, 3) are similar we concentrate here only on the (3, 1) structures.
The four of the total six (3,1)-structures come from 15 of ABJM. Let us see how they look like. Consider |1 15 + |1 1 and replace
2)
The second term corresponds to the structure which transforms in representation (3,1). Let us consider it. The remaining two structures come from the ABJM multiplet transforming under 45 and 45 of ABJM and do not correspond to any trace invariant operators. To find the necesarry relations among the 12 different structures of (3,1) we use the same trick as in the previous section of the appendix. We write C The general form of the mixing operator from the six-vertex diagram
The terms in the equation (3.4) are not linearly independent and in the main text of this article we have chosen a specific choice of the a n which allowed to eliminate the linear dependencies and write the potential only with six terms. It is not necessary to make a concrete choice. Actually, to obtain the mixing operator of the main text we first computed the mixing operator starting from the full ansatz of the potential (3.4) and only then inserted the coefficients a n from the solution of V bos an = V bos . We put this formulae into the appendix since it allows the reader to write down the mixing operator in a different form then in eq. (4.4). Which terms in the ansatz V bos an are allowed to be set to zero can be decided looking at the linear relations (3.5).
The mixing operator from the six-vertex diagram derived from the ansatz in eq. Formally, Γ V ⊗V ⊗V looks the same, but P K and KP act now on theV ⊗ V ⊗V spaces.
D Representations of length four structures
A general length four operator transforming under (2, 2) 4 of SU(2) R ×SU(2) will decompose into the irreducible representations as follows
